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1. INTRODUCTION

CIRCULAR designs were ﬁrst deﬁned by Das (1960). A circular des1gn
with v treatments in blocks of srze k can be obtained by slightly modr-
fying his definition, i.e., by developrng the initial block, 1, 1 + 4, -
1+ (k—1)d, mod (v) where. d; is. any number prime to v. As the
efﬁcrency of a design does not depend on d, the value of d will be taken
as 1 and this will simplify the constrUctron and analysis of the design.
For example, if k = 3 the desrgn will have b (= v) blocks each of sizé
3, each tréatment replicated- 3 times. These designs have the special
advantage that they are avarlable for any number of varietiés and do
not involve any problem of constructron (Kempthorne, 1952). As
it has been indicated by Das (1960) these designs are partially balanced
incomplete block design with (v — 1)/2 or v/2 associate classes accord-
ing as v is odd or even. Evrdently the analysis of these designs follow-
ing the method of P.B.LB. desrgns (Bose, 1939 and Rao, 1947) will
be very complicated due to Very large number of associate classes.
But Das has shown that the normal equations corresponding to these
designs can be solved without! much inconvenience, as the number of
normal equations can be reduced to (k—1) equations, whatever v
may be. Though he 1ndrcated in a general way.the method of analysis -
for any k, specific results were given by him only in the case of k =2,
When & = 3, he indicated that suitable tables have to be prepared .
by consulting which the solutlons of the equations can be obtained,
In the present: gaper the complete analysis of designs with % = 3 and
4 have been presented together with the preparation of necessaryv
tables. Moreover, it has been shown'that by modifying the définition of
such designs as stated afterwards some new series of - desrgns can be
obtained which give in general more efficient estimates than those
obtained through circular desrgns with the same block size and replica-
tion. Further the circular “de31gns with & =2 have the limitation
that the number of rephcatrons must be 2 and the degrees of freedom
for error mean square is always unity.... It has been attempted to com-
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bine . several designs with % = 2 and get fresh designs ‘which do not
suffer froin any of the hmltaflons (Kenipthorne, 1953). As the method
of analysis follows more or less on the:same lines as suggested by Das,
‘it has not been described any further but the final results for-the intra-.
block analysis have been presented below separately for each case. .

{‘ N

; R

2. PARTICULAR CASES L
A

#

2.1. Case I—When k=2 ;:

[

Though this ‘case has been presented by Das, it has been pre-
sented here only for the sake of completeness .

The design is obtained by developlng the initial block (1, 2)
mod (v) or the initial block with any constant difference. The solutlon

for ¢, for this design is b
. i
‘

vE; ~Z (p — u+l) (p — u—}—Z)Q;‘-1 (v is odd andp ~—;—1)
; ,

L'

ﬂ . ’ .
0 B :

where. Q, is the adjusted totaf of the g-th treatment and
0 = Qisu+ Oy ( +u)and (i = . 4) being taken mod v wherever
necessary and Q.0 is to be taken as Ql only. These definitions of Q.
etc., have been used throughout the paper. The different variances of
differences between treatment pairs, ‘, are given by

2u(v——,|u) .
—_—
\

ki

Var (t,— tiz) =

=1, P
where of is the error variance. Eﬂiclency factor as worked out from
the average variance = 3 /(v + 1). ¢
a; 1

No table is necessary m thls case
2.21. Case 2a—When k=3 and v is odd

The desxgn can be obtained by"developmg the 1n1t1a1 block (1, 2 3)
mod v, !
!
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The solution for ¢, for the design is given by the expression

avt, = Z(p—u+ DG —ut2) Q;““—%;Z U,

|
where

y—1
7 -

By=~2U, 4 +5U, ,—2U,3— U,_,and p=

The different U’s can be obtained from the recurrence relation
U,=—2U, 14+ 6U,-y — 2U,3 — U,,;

the initial values of U’s being
Uy=1, U= —3, Uy=12, etc.

The variances of differences between treatment pairs are given by

Var (¢; — tige) = 2iv {u (v—u)— %E (Ut — Upﬂu__,)} ot

uel, 2, p.

When u = p,, U, is to be taken as zero. The values of

U’s and B, for v up to 49 have been tabulated and presented in Table I.

Efficiency factor as obtained from the average variance

4yp

wp+1)— B <pU Z Unw—l)

Hma]

and tabulated values have been given in the table for different values

of v up to 30.
2.22, Case 2b—When k=3, and v is even

The solution for #; for the designs is given by the expression

P p
vty =3 (g ut gt — 2 ) U0t
2 : By v

tinm] Lo

-where B,, U, and variance expressions are the same as given above
except that the initial values in the recurrence relation are dlﬁ'erent
viz., U,=1, Uy=—2, U,=09, etc,
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Values of U, and B, which appear in the. solution of the treatment effects
in designs with block size 3

U,

r 1% B "E.F.
0 1 11 0-8148
1 -3 —41  0-6833
2 12 9 153 0-5862
3 —44 11 —571  0-5152
4 165 13 2,131 0-4549
5 “_615 15 —7,953  0-4088
6 2,206 17 29681  0-3787
7 —8,568 19 —1,10,771  .0-3398
8 31977 21 413,403  0-3133
) —1,19339 23 —15,42,841  0-2906
10 4,45380 25 57,57,961  0-2710
11 —16,62,180 27 | —2,14,89,003  0-2528
12 62,03,341 29 8,01,98,015 _ 0-2378
13 . —231,51,183 31 —29,93,03,201 '
14 8,6401,302 33 1L11,70,14,609
15 —32,24,54,384 35 —4,16,87,55,715
16 1,20,34,16,145 37 15,55,80,08,539
17 _449,12,10,195 39.  —58,06,32,78,153
18 116,76,1424,636 41 2,16,69,51,04,121
19 _62,55,44,88,348 43" —8,08,71,71,38,334
20 2,33,45,65,28,757 45 30,18,17,34,55,203
21 _8.71,27,16,26,679 47 —1,12,63,97,66,58,481
22 32,51,62,99,77,960 49 4,20,37,73,31,84,724
23 —1,21,35,24,82,85,760
24 4,52,89,36,31,62,681
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Efficiency factor

_ dv(v—1
p (V - 1) -7 {(V 1) Up—-l —2 Z Up~u-1}

Tabulated values for 8; and U’s have been presented in Table 1I.

2.31. Case 3a—When k=4 and v is odd

1

The design can be obtained by developing the initial block (1, 2,
3, 4 mod .

The solution for ¢, for the design is given by

]OVt4=Z;(P—M+1)(p—u-lf2)Qi“—1 _.

w1

2v(Bs — 4'}’2) : u—1
(.317’2 .32')’1) U’HH Qs

N Uzl

2v (dy, — By \ wel
*i (/31'}’2 527’1) V,,_,, Qi

where
Br = —3U,2 + 10U, s —4U,, —2U,,_§~ U, ¢
y1 =U,.;— U,s
By = —3V, 3+ 10V, s — 4V, s — 2V, —V,,.

Y2 = Vp - Vn—~2- ¥
U,, = - 2Uu-1 - 3Uu-—-2 _'_ 12U.,,_3 - 3Uu —4 —2 Uu—s - Uu—-s'
Vu = - 2Vu—] - 31/1:—-2 -+ 12Ve¢;3 - 3Vu-4 — 2Vn—5 - V;i—G‘ / "

The initial values of U’s and V’s are
UO :1, U1=_‘3, U2:3, U3:15, ete.
VO = 1, V]_ = 1, Vz - — 8, V3 = 24, etc.

The different variances of difference between treatment pairs
are given by
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Y ilues of U, and B, which appear in the solution of the treatment effects
in designs with block size 3

E.F.

r U, v B

0 1 6 30 0-7435
1 ~2 . 8 —112 - 0-6312
2 9 10 418 0-5498
3 —2 12 —1,560  0-4820
4 121 14 5820  0-4306
5 —450 16 —21,728  0-3891
6 681 18 81,090  0-3548
7 —6272 20 —3,00,632  0-3262
g 23,409 22 11,20,438  0-3014
9 - —86,362 24 41,83,120  0-2845
10 324,041 26 1,56,10,042 . 0-2612
11 —12,06,800 28 —5,82,59,048  0-2460
12 45,07,161 30 21,7424,150  0-2257
13 —1,68,16,842 32 —81,14,39,552

14 6,27,66,209 34 3,02,83,32,058

15 —23,42,40,992 36  —11,30,18,90,680

16 87,42,05,761 38 142,17,92,78,662

17 —326,2573,050 40 —1,57,41,50,25,968

18 1217,60,96,441 42 5,.87,48,08,73,.210

19 —4544,18,01,712 44 —21,92,50,84,68,872

20 1,69,59,11,22,409 46  81,82,55,30,00,278

21 —6,32,92,26,74,922 48 —3,05,37.70,35,34,240

2 23,62,09,95,91,281

23 —88,15,47,56,75,200

24 3,28,99,80,31,25,521

|
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var (ti - ti’:i’:u)

BEA LRy e GRS
2v (4y, — ;31) .
(/3172 Bayy) Va "—u—])}
u=1,+--p.

Tabulated  values of U’s, P75, (dyy— B)v, (B — 4y,) v,
(Byys — Bav1) and efficiency factor have been presented in Table III.

2.32. Case 3b—When k=4 and v is even
The solution for ¢; is

_ _ 2 w1 2y (}32 472)
10 vt, =2 Z p—u+1 Qe+ (31‘}'2 132')’1)

) vy 2@ =By -
X ; Up—-u-—] Qi 1 (3172 ﬁzy )Z Vp-uQi- 1

The initial values for U’s and V’s are:
U=1 U, = —2, Uy=0, U, =18, etc.
VO = 1, V] = 1, Vz - 5 V3 16 etC

Tabulated values for U's, V’s, (B,—4dy)v, (4y;— B)v and
(B1ys — Bay:) have been presented in Table IV together with E.F.

3. SoME MODIFIED CIRCULAR DESIGNS

All the above designs have been developed from only one initial
block giving as many replications as the block size. Sometime
particularly when %k =2, it may be necessary to have more replica-
tions keeping the block size the same. This is possible by taking
more than one initial block and getting the designs by developing them.
Such designs have been discussed by Kempthorne (1953). The initial
blocks can be chosen in various ways. By just repeating one initial
block, it is possible to get such a design. But the efficiency of the
designs can be increased by taking different initial blocks. A series
of designs can be obtained by taking different initial blocks when k& = 2
and 3 and have been presented below.




Values of U,, V,, (4, — By), v, (Bs — 4v2) v, (Biys — Bayy) and E.F. which appear in the solution of the treatment
effects in design with

TaBLE IIT

block size 4 and odd number of treatments

S Ur vy v (4v1—PB1)? (B2—4v2)v (B1vz—B2v1) E.F.
0 1 1| 5 —48 215 48 | 0-9¢00
1 -8 1| 7 —1717 —434 277 | 0-8249
2 3 -8 9 1,033 -1,170 3,145 | U-7711
3 15 24 | 11 —-3,509 10,802 26,269 | 0-7026
4 —76 -15 | 13 2,327 —31,486 219,413 | 0-6443
5 154 ~143 | 15 30,375 6,750 18,32,625 | 0-6059
8 102 S~ 640 | 17 —1,48,392 "2.10,574 1,53,06,833 | 0:5516

. 7 ~1,650 —1,088 | 19 2,71,111 -13 35,358 13.01,90,682 | 0-5206
8 5.043 ~1455 | 21 4,060,633 20 06.130 1,06,78,46,845 | 0-4818
9 — 4,233 14,289 | 23 —45,43.397 56,52,526 8,01,90,94,697 | 0-4523

10 — 26,999 —38,888 | 25 1,30,61,475 . —4,18,96,050 74.49,59 36,025 | 0-4224
11 1,31.805 19,576 | 27 — 58,414,283 10,62,15,57) 6,22,22.06,03,405 | 0-4044
12 —2.45 340 2,54,881 | 29 10,41,25,921 —16,1R,142 51,97,04,16,10,021 | 0-3838
13 - 2.24.460 —10,74,015 | 31 45,36,67,919 —1,01,24,07,362 4,32,35 93,61,00.481 .
14 98.51,020 17,07,240 | 33 —173,55,33,185 3,86,53,33.870 36 35,79,93,13,55.105 .
15 —83 19,924 28,69,696 | 35 —1,49,13,52,065 ~5,09,75,64,030 | 3,02,82,49,41,50,80,565 .
16 88,72 677 —2.45,15,999 | 37 12,52,01,50.243 —1,66,73,25,02,894 25,21,90,76,50,14,36,557 .
17 4,84.28,913 6.36.09,697 | 39 —33,26,31,05,565 1.11,25,57.98,030 | 2,11,2590,02,90,02,47,945 .
18 —92,20,33.745 —2,24,65,496 | 41 9,04,19,81,371 —260,97 52,84,001 | 20,77,67,81,38,03,72,88,605 .
19 38,59 68,854 —45,10,41,000 | 43 2,72,44,86,04,547 —46,80,22,2:1,046 * .
20 46,59,68,854 1,79,88,95,377 | 45 | —11,01,42,76,01 625 25 67,40,13,73,250 * .
21 —4,91,15,40,018 —2,65,83,19,535 | 47 16.22,21.89,92,887 —91,51 88,36,00,866 * .
22 13 65,35 45,010 —5,52,66,96,208 | 49 39,75,65,93,80,231 5,62,98,22,35,41,910 * .
23 —17,75,14,00,342 41,95,12,39,680 .. . . .

¥ Means that figures are too large in these entries.

$¥00714 LOTd anv ¢ HLIM NOISAA 4V 10DdID NO
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TABLE 1V

Values of U,, V,, (4y; — B v, (Bo — 4ya)v, (Biye — Bay1) and E.F. which appear in the solutions of the treatment

A

= : .
QORI W~ O

o
[ Rl

13

—
'S

15
18
17
18
19
20
21
22
23

24

effect in designs with

block size 4 (Even number of treatments)

E.F.

2 v, v (4v1—B1) v (Fa—dv2)w ‘ (Brya—R2v1)
|

1 1 6 —-120 —234 261 | 0-9016

-2 1 8 832 -~ 704 2,176 | 0-8085

U -5 |10 —1,410 6,480 18,180 | 0-7337

18 16|12 -1,680 -~-18.960 J 1,51,840 | 0-6723

- 63 -9 14 10,856 3,248 12,68,228 | 0+6185

7% ~95 | 16 ~1,07,264 1,97,888 | 1,11,81,824 | 65831

256 421 | 18 99,720 6,30,160 ; 8,84,75,140 | 0-5323

~1,548 -4 | 20 7,24,080 12,48,240 | 74,64,05,920 | 0-4979

3,343 —-995 | 22 —38,63,283 35,917,616 6,22,39,14,196 | 0-4668

810 9,441 | 24 77,98,080 -2,65,87,200 51,98,38,35,200 | 0-4393

—31,282 —25,649 | 26 79,56,104 \6.73 83,472 i 4,34,18,80,01,972 | 0-4155

1,04,806 . 12,640 | 28 —10,65,96,112 -1,52,656 : 36,26 51,81,59,744 | 0-4001

-1,13,535 1,68,931 | 30 33,13,17,000 —64,88,17,200 : 3,02,90.16,80,49,300 | 0-3657
- 4,69,800 -17,09,199 | 32 —24,49, 43,872 2,47,37,46,944 | 25,29,95,90,08,91,461 ..
£6,26,560 11,22,345 | 34 —2,20,65,66,136 -3,24,75,38,288 ! 2,11,31,25,50,05,32,072 .
—54,58,904 19,14,016 | 36 10,64,78,05,680 —-1,09,60,84,480 ! 17,64,96,90,63,22,65,920 .
—24,37,247 -1,62,11,879 | 38 —19,40,91,45,840 7,16,46,71,66,556 | 1,46,92,67,28,69,86,46,756 .
5,43,01,590 4,19,26,945 | 41 - 25,63,31,24,160 -1,67,69,27,64,480 12,29,63,83.86,15,99,70,560 .
—17,26,55,232 —1,43,67,629 | 42 2.74,94,10,15,720 2,15,62,15,65,684 * .
16,38,72.522 —29,88,65,664 | 44 —2,93,41,24,35,024. '16,62,00,47,89,808 * ..
85,75,32,791 1,18,76,42,815 | 46 4,48,01,22.34.216 —59,10.54,76,72,432 | * .
—4,43,14,77,164 —1,74,63,71,279 | 48 55,59,38.08,08,320 - 68,88,55,49,49,120 * ..
8,606,37,16,192 -3,68,11,12,979 | 50 —2,47,54,46,71,39,800 2,80,26,79,05,87,600 " .
6,04,68,43,068 27,73,64,58,880 | .. . .. . * .
~94,00,52,18,655 | —68,33,68,63,659 . % .

* Entries in these columns are (oo large.
L L
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3.11. Case da—k =2, r=4 (v is odd |

The layout of the design is ob.tained by developing the initial
blocks, viz., (1, 2) and (I, 3), mod ». o

The solution for ¢, for the design is given by the expression
? ' . ' 5 p '
E0)=) (p—ut D@ —ut2 Qe —5 ) U,.0m
1
. =1

w=1

where
By=—U,,+3U,,—U,3—U,,
and —
Uy=— Upy + 84U, s — U,y —Ups.
U,=1, Uy=—2, Uy= 6,: U,=—15, etc.

The different variances are given by

Var (t;, — 1, L u) = S%V {u v—u) — %Y(U,,_,_ — U,_H} ot
1
u=1,%-p.

‘Tabulated values of .U,, 8,, and E.F. have been presented in
Table V. ‘

3.12. Casedb—k =2, r=4 (v is even)

The design is to be obtained from the same two initial blocks as
when v is odd.

The solution for #; is given by

p . r
St; = Z (p—u+ 1?2 Qe — %: Z U,Qi

U= u=1

where U’s, B, and variance expressions are the same as in the above
case except with the different initial values for U’s, i.e.,

U0: I’ U1:— l: U2:;45 U3:_97 U4':25,'th.

Tabulated values of U,, B, and E.F. have been presented in Table VI, .
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“ TABLE V

Values of U, and B, which appear in the solution of the treatment effect
in designs with block size two and with: initial blocks (1, 2) and.
(1, 3) and for odd and even number of treatment

r U, v 8, E.F.
0 1 5 5 0-6250
1 -2 7 —13 ° 0-5417
2 6. 9 34 0-4742
3 —15 11 —89 04246
4 40 13 233 0-3824
5 . ~104 15 —610  0-3476
6 273 17 1,597 0-3184
7 —714 19 —4,181  0-2938
8 1,870 21 10,946  0-2726
9 4,895 23 28,657 0-2542
10 12,816 25 75,025  0-2382
1 —33,552 27 —1,96,418  0-2240
12 87,841 29 514229 02107
13 —2,29,970 31 —13,46,269"

14 6,02,070 33 35,24,578

15 —15,76,239 35 —92,27,465 .

16 41,26,648 - 37 2,41,57,817 ;

17 —1,08,03,704 39 ~6,33,45,986

18 2,82,84,465 41 16,55,80,141

19 ~7,40,49,690 43 —4,33,49,44,337

20 19,33,61,606 45 1,13,49,03,170 -

21 —50,75,44,127 47 —2,97,12,15,073

22 . 1,32,87,67,776 49 7,77,87,42,049

23 .—3,47,87,59,200

24 - 91,07,09,825
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Values of U, and B, which appear in the solution of the treatment effect
in designs with block size two and with initial blocks (1, 2)
and (1, 3) and for odd and even number of treatment
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r U, v By E.F.
0 1 6 —8  0-5769
1 -1 3 21  0-5069
2 4 10 —55  0-4492
3 -9 12 144 -0-4024
4 25 14 —377  0-3643
5 —64 16 987  0-3324
6 169 18 2,584  0-3056
7 —441 20 6,765  0-2828
8 1,156 22 —17,711  0-2631
9 ~3,025 24 46,368  0-2459
10 7921 26 —1,21,393  0-2309
11 —20,736 28 317,811 0-2175
12 54280 30 —8,32,040  0-2057
13 —1,42,129 32 21,78,309

14 3,7%100 - 34 —57,02,887

15 974,169 36 1,49,30,352

16 25,50,409 38 —3,90,88,169

17 —66,77,056 40 - 10,23,34,155

18 1,74,80,761 42 | —26,79,14,296

19 —4,57,65225 44 70,14,08,733

20 11,98,14016 46 .  —1,83,63,11,903

21 —31,36,29,521 48 - 4,80,75,26,976

22 82,12,23,649 50 —12,58.62,69,025

23 —2,14,99,91,424 :

24 5,62,87,50,624
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3.21. Case 5a—k =2, r=6"

* The ‘layout of the design is obtained by developing the initial
blocks, viz., (1, 2), (1, 3) and (1, 4), mod v both when v is odd or even,
When v is odd '

The solutjon for ¢, for the design is given by

»
14vt;, = Z(p —u+ 1) (,D —u-+ 2) Qiu—1

p—1 n
2v (Ba — 3y,) Z -
IV U -~ 1" !
+ (B2 — B2v1) - ! Q

2v(3y; — - B —_
B »mzjfﬂg

==

where :

B =—U, o+ 5U,3—2U,4—U,;— U,_s,
’ Vi =Upq— Uy ‘ |
Ui=—=Ups= Uiz + Ui — Uy y = Upis — U, |
Uy =1 U=~—2 U=1,U;=1, etc.,. | 4
By ==V, + 5V, ,— Woa— V.=V, |
= Vo Via u i
Vi=—Vr—Via+6Vs—Vyy—Vy— V.., "“
V=1, V=1, Vo= —4, Vy=38, etc, e
The different variances are given by ."
Var (t; — t,4,) \ ' ' !‘
= e - m+&f e CAR AN _}
By o~ Vimd} o |
u=1, 2, p. 1

Tabulated values of U, V, By, —B)v, (B, —3y)v and
(Biys — Bavy) have bee;n presented in Table VII.



Values of Ur) VU (37/1 - /31) v, (BZ - 3'}’2) v,

TABLE VII

(Byys — Bay1) which appear

in

FY

the solutions of treatment

effects in designs with block size two with initial blocks (1, 2), (1, 3) and (1, 4) for number of treatments

|

7 2 Ve z (Bv1—-81)w (B2—3y2)% ‘ (B1v2— B271) E.F.
. 0-6794
0 1 1 5 —-25 95 13 0-5838
1 -2 1 7 —49 - 98 49 0-5418
2 1 ~4 9 360 ~414 214 0-5072
3 7 8 11 —"737 1,914 947 0-4754
4 _a1 1 | 13 —169 2,886 . 4187 | 0-4404
5 2) -85 15 4,920 -3,660 17,668 0-4140
6 42 84 17 —-12,665 27,612 81,769 0-3978
7 - 185 —48 19 7,087 —52,326 3,61,379 0-3767
8 202 — 231 21 49,980 - 882 15,897,106 0-3578
9 148 829 23 —-1,71,233 2,82,302 70,58,377 03407
10 ~1,652 —916 25 1,93,973 —7,46,050 3,11,94,361 0-3251
A1 3,388 1,420 27 3,78,972 5,066,474 13,78,62,868 0-5109
12 . ~ 987 2,625 29 —19,90,241 24,93,594 60,92,82,227 .
18 ! -12,558 —12,131 31 32,81,814 —-90,21,€18 1,61,05,50,841 .
14 85,085 —-3,676 33 20,48.,574 1,11136,642 12,26,<0,61,9n8 .
15 — 24411 62,364 35 -2,12,05,975 1,64,68,410 58,05,58,91,653 .
16 - 92,693 -1,36,763 37 4,33,83,721 —9,77,75,238 2,567,18,08,20,509 .
17 3,37,771 58,9869 39 —58,94,733 17,07,52,530 11,84,30,03,56,619
18 —4,13,084 4,60,160 41 -19,38,00,727 3,89,55,166 50,19,91,75,30,783
19 4,718,961 —13,86,364 43 53,26,07.417 —903,33,45,7N2 2.21,85,20,589,98,261
20 80,00,690 13,57,993 45 ~42,35,i3,640 2,20,06,21,230 9,70,62,30,6€,42,202
21 -52,20,900 28,04,761 47 —1,49,06,66,333 -1,11,43,51,108 49,84,00,16,28,45,55
22 —4,85,550 —1,28,63,304 49 5,84,00,93,273 —17,74,78,97,345 1,91,51,09,51,77,16,983
2,44,64.864 1,90.73,736 . . . 9
24 —5.12,13,359 1,01,86.,345 . . . .
25 3,27,34,366 -10,92,16,295 . .

$3007T4 LOTd § ANV ¢ HLIM NOISEA AVINOUO NO
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3.22. Case 5b—k =2, r=6 (vis even)

The solution for ¢; is given by the expression

P p—1
Mty = ) p—ut prgt+ B Ny g e

(.317;~ B 2¥1)

4

7;1’ (3y; — _:‘?_1) v
(Biyz — Bavy)

U=1

Vp—- 13 Q Lu—l

where 8’s, o’s, U’s, V’s and variance expressions are the same as
expressed above and the injtial values in the difference equations are:

Uy=1 U=—1, U=—1, U=8, etc.
Vo=1, Vi=1, Vo= —2, Vy=5, etc.

Tabulated values of quantities as indicated above have been presented
in Table VIII.

3.3. Case 6—When k=3, r=6

This class of designs have been obtained by developing the initial
blocks (1, 2, 3) and (1, 2, 4), mod v. The analysis of this type of design
corresponds to the case k =4, except with the minor changes as
indicated.

The solution for #; for the designs is obtained by multiplying the
R.H.S. of the case 3 (q) and 3 (b) by 3/4. The variance will be 3/4th
to that of k = 4 and the efficiency factor will be 8/9 times to that of
k=4,

4.. SOME DESIGNS WITH UNEQUAL DIFFERENCES IN THE INITIAL Brock

During the course of investigation it was seen that there is another
class of designs, which are more efficient than the designs cbtained
in the previous section. The solution of designs with blcck size 3
with one initial block and of a design with block size 2 with two initial
blocks is presented below.

4.1. Case 7

k = r =3 with the initial block of tte tyre (I, 2, 4) or (1, 3, 4)
mod v. The analysis of this type of designs is the same as that of
k=2,r=6, ie, Case Nos. 5 (a) and 5 (b) except for some minor
changes. ‘



TABLE VIII

' Values 6f U, V., Gyvi—B)v, (Bz— 3y§) v, (Biys — Bay:) Which appear in the solutions of treatment
effects in designs with block size two with initial blocks (1, 2), (1, 3) and (1, 4) for even number of treatments

r U, v z (3v1—B1lv (B2—3vy2)v (1vz— Baw) E.F. | %
0 Q
. =
‘ 9}
0 1 1 6 - -T2 —42 3+ |0-8278 ° gj
1 -1 1 8. 264 —216 : 144 | 0-5600 >
2 -1 -2 10 -270 1,010 638 | 0-5248 A
3 8 5 1 12 . —960 , -1,536 2,816 | 0-4909 o)
4 - 14 1 14 4,768 -1,62 : , 12,202 | 0-4557
5 0 -20 16 —6,672 14,256 | . 55,008 | 0-4333 Q
6 33 _ 49 18 — 6,588 - 28,676 - . 2,43,240 | 0-4098 2z
7 ~153 -27 20 55,060 - 860 10,74,392 | 03369 <
T T - N B 97 |, —146 22 ~1,1£,002 | - 1,57,102 47,438,258 .| 03673 5
9 ' v Tt EEIEE e | § [ .~ S N 6,912 —4,14,720 ' 2,09,54,832 0-3491 ja- I
10 —1,504 -527 26 | T =5386,670=1 < mse wimes . . 2,78,590 927,42,050 | 0-3264 w
11 - 1,735 | -832 | 8 - 15,258,604 13,08,340" === <= = wmere . 40,08,71,672_ | 0-3178 >
12 2.401 4,369 30 11,£7,080 —51,01,680 1,81,14,19,508 | 0-30¥27 " &=
18 -13615 —1,007 32 48,05,66¢ 62,19,936 - 8,00,75,34,272 .. o
14 22,527 -2,162 31 —1,8,86,742 93,585,258 35,38,03,01,534 B
15 4,752 36,261 36 2 29,57.632 -5, 2,36,096 . 1,56,36,25,12,968 .. ot
16 -1,11,182 —179,161 38 3,00,53,250 0 9,62,81,474 | 6,91,04,12,10,686 . o
1 2,561,000 33,388 40 -19,01,27,400 —-5,31,35,769 30,51,04,20,02,438 .. ;
5 8 -1,22,689 2,68,129 42 34,15,91,544 —33,u2,23,152 1,44,74,50,28,83,568 .. =
19 —8,09,137 —~8,03,515 44 4,83,12,588 1,24,54,79,7u8 5,96,59,62,04,02,662 . .Q
20 25,21,729 7,80,766 46 -1,77,52,7.,173 —161,93,96,762 26,36,26,32,94,41,602 .. g
21 —25,93,296 16,41,025 48 - 4,30,42,63,288 —4,42,35,69,408 1,49,70,91,35,21,36,096 ' . n
22 —42,00,384 ~174,65,247 50 . —2,42,64,28,650 ° 1,42,48,36,77,552 - 4,44,90,07,70,86,28,162 X
23 2,32,14,880 -1,10,10,5:6 . e . . e :
24 ~3, .5,64,175 60,565,201 . . . .. ) . . .
25 -1,55,72,306 .| —6,34,75,776 . . . . .. ..
- . — . . ; . Y
N
'~

b
o
il
i
i
i
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Solution of ¢, is obtained by multiplying the R.H.S. of the solu-
tion in the case when k=2 and r =6 by 3/2 and the same change
for the variance.

For this case, Tables VII and VIII have 'to\be used for the analysis.
Table (A) below indicates how the efficiency factor differs from the
case when % =3 with the initial block (1, 2, 3).

TABLE A
\' 1 I
5 © 0-8148 0:9059
10 0-5498 06997
15 0-4088 0-5871
20 0-3262 0-5159
25 7 0-2710 © 0-4543

30 0-2257 - 0-4056

Col. I corresponds to the designs having the .initial block of the type-
(1, 2, 3) and Col. II corresponds to the designs with the initial block
of the type (1, 2, 4)-or (1, 3, 4) mod v. .
-'.4 21 Cézse 8a—When k=2 andr =4, v=ip—l— 1, b=2 v

The de51gns are obtained by developing two initial blocks, viz.,
(1, 3) and (1, 4) mod v. This class of designs are also partially balanced
incomplete block design with p number of associate classes with the
following parameters: :

N=1(@{=2, 3) . -
=0(i=1,4,p) i
n=2@=1--p)

. The solution for #; for the design is given by

| lsm—):(p—u+1)(p—u+2)gi~-1

@wl
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2v (3)’1 ﬁl) 11
+ Brvs — Bard) (Bry: — }92'}’1) Z UV"—IQ

+ 2V (/32 3'}/2) Z Vg—uQ(

(Bays — Bev)
where
B =3Ups— Upus = Uy — Upg
1 = Upa = Upss .
U, = —Upy +4Uss —Upys —U,_q
and
Up=1, U=—2 U=2 U=2, et,
B = 3V,,_2 = V-3 Vs — Vs
1 =V,— Vs
Vi=—Vau +4Vus—Vig— Vg
and '

V0=1, V]_:l, V2=‘_3, V3:6, etc.

The different variances are given by

“Var(t, — 1, +,) " /

3 {10 0+ G W = v

2v (B — 3'}’2)
(Bry2 — lgz?’J) Vs = p—“—l)} o

~ 13v

4+

u:l,...p'

Tabulated values of U,, V., By; — B v, (Ba—3v2) v, (Biyz — Bay1) and
E.F. have been presented in Table IX.

4.32. Case 8b—When k=2 and r=4, v=2p (p is not
a multiple of 3), b=2v

L)
The primary parameters and recurrence relations are same as
above. The solution for #; for the design is given by




N < TABLE 1X

Values of U,, V. (Byr— BV, (B2 — 3v2) v, (Byy» — Bay1) which appear in the solutions of treatment effects in
’ . : designs with block size two with initial block (1, 3) and (1, 4)

0€T

r U, e o v (Byi—F1) @ (B2—3v2) v (B1vz—Pav1) E.F.
0 -1 I; 5 —-30 5 6 0-8522
1 -2 1 7 0 -9l 13 0-5417
2 2 -3 9 171 —-126 37 0-5002
3 2 6 11 ~ 473 n 100 0-4868
4 -10 -2 13 520 -1,495 325 0-4688
5 17 -1l 15 570 750 964 04498
6 -8 33 17 —3,468 3,893 2,857 0-4314

;7 —-32 -39 19 6,555 —12,378 - 8,473 0:4144
8 96 -8 21 - 1,549 16,926 . , 25,129 0-3985
9 -120 136 23 - 14,812 3,505 74,521 0-383

10 -15 —~279 25 48,170 — 68,450 ! 2,20,996 0-3739

11 380 2925 27 -16,312 1,53,441 6,855,381 0-3553

12 —830 325 29 — 7,069 ~1,34,270 19,43,581 0-3440

18 708 —1,394 31 2,43,939 —2,00,446 57,653,829 .. :

14 878 2,166 33 - 5,57,040 9,131,821 1,70,93,053 .

15 ~ 4,063 - 1723 35 5,08,690 —14,46,090 5,06,90,692 .

16 6,612 - 4,299 37 6,45,724 5,68,505 15,03,26,929 .

17 - 2,560 12,913 39 —30,43,435 37,64,670 44,5%,05,425 .

18 —13,568 — 14,736 41 56,26,103 -1,07,47,330 1,18,17,14,369 .

19 38,082 -5,232 43 - 23,20,452 12,97,88,217 3,92,06,89,777 .

20 —45,087 55,441 45 —1,22,71,950 45,10,710 11,62,70,90,308 .

21 —11,634 -1,08,8%3 47 3,62,77,232 -5,26,37,6 :3 34,48,09,80,829 .

23 1,598,810 79,821 49 —4,52,22.541 10,85,51,170 1,02,25,58,53,14! .

23 -8,24,070 1,43,766 . . .. ..

249 2,53,080 - 5,20,230 .e . . .

25 8,093,265 8,28,325 . . .e . .

SOILSILV.LS TVINLINDMNOV 10 ALAID0S NVIANI ZHL J0 TVNINOL



" ON CIRCULAR DESIGN WITH 3 AND 4 PLOT BLOCKS " = 231

Pve = Z (p—ut+ DPOr o ?;1'(}’3:1 ﬁz’)’l)Z Updu—‘lQ‘uk

2V (Bs — 3y w1
(13172 ﬁz'}’]) Z V,,_,,Q1

1
and the initial values of U’s and V’s‘ are
U=1, U,=—1, U,=0, U;=4, etc.
Vo=1, V=1, Vo= —1, V3 =3, etc.
The different variances are the same as given in Case 84.

All the columns as in Case 8 a have also been presented in
Table X.

4.3. Case 9—When k=2 and r=4. v=2 p+1, b=2 y

The designs are obtained by developing the initial block of the
type (1, 2) and (1, 4) mod v. This class of designs are partially balanced
incomplete block designs with p associate classes with the followmg
parameters

= 1(i=1, 3)
=03G=2 4 p)
no=2(=1,-p).

The solution for #; is given by

10vt,-=Z(P—u+1)(P—u—|—2)Q‘u—1

2V (B2 — 2v5) -
(ﬁﬂ’z 5271) Z Upia 0" '

Uwa]

2v 2y, — ﬁ1) 0
(Bl?’z 3271) —u ¢ ’
u—l
where -
Bi=—U, s+ 4U, 3~ 2U,_, — U,

V1= Upa — U9—3’




. Values

TABLE X

of U, V., Gvri— B)v, (Ba—3v2)v, (Byry— Bory) and E.F. which appear in the solutions of
treatment effects in designs with block size two with initial blocks (1, 3) and (1, 4)

1

r w, 7r v (Br1—B1)v (B2~3y2)w (B1vz—B2v1) EF.
0 1 1 8 152 -64 21 0-5069
1 -1 1 10 — 240 320 64 0-5000
[ 0 -1 14 : 109 182 559 0-4588
3 ¢ 3 16 | © . =2,636 1,808 1,659 04498 °
¢ -3 0 20 \ 3,520 6,400 14,592 0-4062
5 7 -5 22 - 117,886 3,256 43,273 9-3907
6 9 15 26 —13,260 63,310 3,80,575 0-3627
b —40 -15 .28 76,076 —46,592 11,28,621 0:3501
s 64 -7 32 —2,88,352 4,08,320 99,25,797 ..

» —24 64 34 - 79,764 —6,21,622 2,94,5,671 .

10 . =185 -119 38 —24,62,894 17,89,496 25,87,80,519 .

11 . 875 81 40 20,20,720 ~46,02,580 76,80,29,504 .

12 —440 - 175 44 —-1,43,73,656 33,16,852 6,75,17,56,371 .

13- —124 — 629 46 2,29,60,716 —2,34,25,494 20,02,28,23,927 .

14 1,684 896 50 5,70,68,400 —2,87,40,800 1,76,09,31,48,736 .

15 -38,195 ~141 .. .. . .. .

16 2,449 —~2,337 .. .

17 3,952 5,665 . ..
18 —16,128 ~5,775 . ..

19 24,464 - 3,840 . . ..

20 —17,055 25,745 . . ..

21 —56,721 - 46,367 . .. ..

22 1,48,176 27,679 . .. ! .
23 —1,64,220 75,411 . .. . ..

24 — 171,000 - 2,561,264 . .. ..
26 €,46,295 3,40,075 v . ..

-
19
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Up=—U+4Uis— Us — Uss
Uy=1 U=—1 U=~—1, Up=S5, etc.

and
Bz = Vp—l -+ 4Vv—2 - 2Vp—3 — V,_5,
Y2 = Vﬁ - V.-.z»
Vu =—VyaTt 4Vu—-3 — Vs — Vu—s,

V=1, Vy=1, Va=—2, Vy=2, V=5, etc.
The different variances are given by
Var (t; — tix4)

2v(By — 2v9)

1
=3, {u v—u+ m) (Uyeg — Upyz)

2y 2y — _ﬁ:) _
. + (—Igl‘)’z - .32')’1) (V,,_.] V’_‘H)} o*

u:l, 2"-..p.

Tables for U,, Vi (Ba— 2y v, (27, - B v, (Biye — Bayy) and
E.F. have been calculated for different y’s and presented in Table XI.

In order to compare the different designs of the type having the
same primary parameters, the following table has been prepared.

The above table clearly shows the E.F. for the initial blocks (I, 2)
(1, 4) is greater than with the initial block (1, 2) (1, 3) and E.F. for
the initial block (1, 3) (1, 4) is greater than thatof (1, 2) (1, 4). In
certain cases E.F.’s are same for two different types which means that
one case is reducible to the other ome,
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Table for efficiency factor (k =2, r =14)

Number
of
treatments

E.F. of the
designs
with the
initial blocks
(1,2)and (1, 3)

E.F. of the
designs
with the

initial blocks
(1,2) and (1, 4)

E.F. of the
designs
with the

_initial blocks
(1, 3) and (1, 4)

O 00 3 O\ W

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

0-62:0
0-5769
0-5414
0-5096
0-4742
0-4492
0-4246
0-4024
0-3824
0-3642
0-3476
 0-3324
0-3184
0-3056
0-2938
0-2828
0-2726
0-2631
0-2542
0-2459
0-2382
0-2303
£ 02240
0-2175
0-2107
0-2057

0-6522

0-5417

0-£092

0-4866

0-4576

0-4333

0-4105

0-3843

0-3730

0-3547

0-3378

0-3242

0-3110

06522
5417
-5096
+5092
“£000
-4866
0-4688
0-4588
0-4498
0-4498
0-4314
0-4144
0-4062
0-3984
0-3903
0-3503

cC oo o

0-3739
03627
03553
0-3501
0-3440

(=) means designs does’t exist,

A




: TaBLE X1
of U, V,, Qys— B)v, (Bo — 2y2)v, (Biys — Bay1) and E.F. which appear in the solutions of

Values
treatment effects in designs with block size two with initial blocks (1, 2) and (1, 4) -
r- Hy 7y z 2v1- B (B2—2v2)w (B1va— B2v1) LLF. %
- a
a
Y 1 1 5 -5 45 6 0-6523 A
1 -1 -1 7 - A3 . 14 13 0-54117 g;
2 -1 -2 9 153 —9234 37 0-5003 o
3 5 2 11 1 3:2 108 0-4866 o
4 -4 5 13 — 63 364 313 0:45 6 g
5 $ -11 15 1,095 —2,010 905 0-4333 a
0. E 4 o7 527 2,008 2,117 0-4108 2
7 -12 0 :9R 19 .. - 5,111 4,28 : 7,561 0-3843 °
8 -6l -51 21 6,027 C -13,715 21,853 . | 0 8730 2
9 111 . -3 23 8,173 8,326 63,157 0-35LT =t
10 -1 154 25 - —33,775 33 950 1,825,25 0-3378 o
11 —~295 -218 27 . 26,811 -82.728 5,27,50) 0-3242 >
13 488 -119 29 70,441 - 18,212 15,24,529 0-3110 Z
is 128 809 31 ~1,97 408 2,453,582 46,13,872 .. >
14 -1,600 - 856 33 86,031 . —4,48,318 1,27,33,489 . P
15 . 2,008 ~1,064 35 5,19,785 —04,78) 3,68,01,465 .0 B
18 1,641 4,057 37 —10,95,237 16 01,656 10,63,53,317 . o
17 --8,241 ~2,951 29 41457 — 22,05 2A6 30,73,72,573 . el
i8 7,503 - 7,735 41 34,42,129 16,87,642 . 88,83,23,221 . =
19 12.669 19,434 43 —5497,077 96,50,576 2,56,73,01,757 . o
20 —40,508 — 7,667 45 —93,72,635 --96,53 220 " 6,94,37,89,189 .. Q
21 23,576 —44,771 47 2,11,85,291 -1,55.04,36) 21,80,47,15,944 . o
22 83.516 88,684 49 —-2,52,09,373 5,43,95,831 63,10,54,87,512 .
23 -1,91,512 —2,379 . . . - .
24 43,793 —2,62,764 . . . .. ..
28 4,89,331 3,82,452 . .. A . . ' - .. |
. - <Y |
(9% )
e
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5. How TO USE TABLES

An illustration with v =15 gnd k = 3.

For v=15,p=v;1=7, k=r—3.

The solution for ¢, can be written with the help of Table I, and is given
by the equation:

b= ) =0 O—0or —5 ) U, 00

Yoa] -1

where 8, = — 7953 for v = 15.

The value of B, has been obtained from Col. II entered against
v==15 and substituting the values of U,--- U,, we have (4 x 15
X 2651) t, = 2651 {560, + 420.* + 300;* + 200,® + 120,* +-60,5
+ 208 + 2 X 5 {22960, — 6150 + 1650, — 4403 + 1201
— 305+ Q:% or 159060 7, = 1714160, + 1051920, - 811800,

+ 5258003 + 3193204 + 1587605 + 53120,

The values of U’s have been obtained from Col. I of the table.
Thus the above expression gives the solution of ¢, which can furtker
be simplified. The different variances can be obtained by using either
the formula or directly from -the above expression.

6. SUMMARY

In an attempt to get incomplete block designs for each and every
number of treatments the problem of analysis of circular designs was
introduced by Das and was solved for the designs with the blocks of
size two has been solved for plots of sizes three and four. Necessary
tables required for obtaining the intra-block analysis readily have also
been prepared and presented. A special class of designs with blocks of
two plots and having more than one initial block has been investigated.
Another class of more efficient type of designs with block size three
has also been investigated.
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